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ABSTRACT 
Necessary and sufficient conditions for triangularizability of a semigroup S of 
n × n matrices over a field K are given. They reduce the problem to the case of 
groups of matrices. It follows also that the global requirements concerning all 
elements of S can be replaced by "local" conditions concerning the sets of elements 
of S of the same rank. @ Elsevier Science Inc., 1997 
The triangularizability problem for a subsemigroup S of the monoid 
M.(K)  of n × n matrices over a field K has been considered by several 
authors, with a special emphasis on the case of the field of complex numbers 
[3, 4, 9, 10, 12]. Here S is called triangularizable if there exists g ~ GLn(K) 
such that the semigroup g-lSg is upper triangular. Several sufficient condi- 
tions are known. In particular, in the case of characteristic zero or > n/2, a 
semigroup with constant trace must be triangularizable [3, 12]. Permutability 
of the trace is also sufficient [10]. The effect of certain spectral conditions on 
triangularizability was studied in [2, 4, 9, 13]. 
In this note we obtain necessary and sufficient conditions for S ___ M.(K)  
to be triangularizable. Our approach is based on the general structure 
theorem for semigroups of matrices, obtained in [5]. It allows us to prove that 
triangularizability of S is equivalent to triangularizability of certain groups of 
matrices derived from S and to a condition expressed in terms of the 
structure of S. The main idea is to reduce the problem to certain subsets of 
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S, which usually are much smaller than S, fit well into the structure of S, and 
are easily described in terms of the ranks of matrices in S. In particular, if S 
is strongly ~r-regular (that is, a power of every a ~ S lies in a subgroup of S), 
then the regular J-classes of S form a test set for triangularizability of S. 
Note that, in the case of groups of matrices, several necessary and sufficient 
conditions are known over fields K of "good" characteristic; f. [4, 10]. Our 
results do not require any restriction on the field K. Moreover, they also hold 
for arbitrary semigroups S ~ Mn(F), where F is a division ring. We refer to 
[1] for basics of semigroup theory used in this note. 
We start by recalling the structural theorem of [5]. Let Mn(K) act by left 
multiplication on the column space K n. Green's relations ~2, .~,X~' are 
defined on Mn(K) by: 
(1) a ,~b if aMn(K)= bM,(K)(that is, the transformations a, b have 
the same image), 
(2) a -~ b if Mn(K)a = Mn(K)b (that is, a, b have the same kernel), 
(3) a,~b if a,..~b and a..~b; cf. [8]. 
With no loss of generality we assume that 0 ~ S. Let Mj = {a ~ M,,(K)I 
rank a <~ j}, j = O, 1 . . . . .  n. Then Sj = S (q Mj is an ideal of S, and one can 
form the Rees factor semigroups S./Sj 1 c M./M. i [1]. (The latter is the 
3 - - -  . l -  
set of matrices of rank j with zero adjoined, w~ere all matrices of rank < j 
are identified with zero. We will identify the elements of Mj \ Mj_ 1 with the 
nonzero elements of Mj/M,_ 1). A subsemigrouo W of Mj/Mj_: is called 
completely 0-simple if it has no proper ideals and it has a nonzero idempo- 
tent e. Then it is isomorphic to a semigroup of matrix type Jt'(G, X, Y, P) 
over a group G with a Y × X sandwich matrix P [1]. If 
0) 
0 
then Y can be identified with a subset of the set Yj of all reduced row 
elementary forms of matrices of rank j, X with a subset of the transpose Y t, 
and G with a subgroup of the group of invertible matrices of the monoid 
eMn(K)e. Moreover, in this case W\{0} = {xgylx ~ X, y ~ Y, g ~ G}. 
The 0-simplicity of:W amounts to saying that for every x ~ X, y ~ Y, each 
of the sets XGy, xGY contains an idempotent matrix. 
Each S(j) = Sj \ Sj_ : is a disjoint union 
S( j)  =U~U...U U, UN, 
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where: 
(1) N 2 c_ N t2 Sj_ 1 and U~  c_ U~ t2 Sj_ 1 for every i; 
(2) N J c_S,_~; 
(3) if i 4= k, t~en U i, U k intersect different ~-  and different ..~-classes of 
Mn(~:), 
(4) every U~ intersects all X-classes of a completely 0-simple subsemi- 
group of Mj/Mj_ 1. 
These U i [coming from all possible "'levels" S(j), j = 1 . . . . .  n] are uniquely 
determined, and they are called the uniform components of S. Condition (3) 
implies that UiU k ___ N U S~_ 1 whenever i ¢ k. Moreover, if ab ~ U i for 
some a, b ~ S(j), then a, ~ ~ U i. 
The above decomposition of S(j) can be viewed as an analogue of 
Wedderburn's structure theorem for finite dimensional algebras. 
If T is a uniform component of S, then every nonempty intersection 
T f3 D = S A D with a maximal subgroup D of the monoid Mn(K) gener- 
ates a subgroup gp(S N D) of D that is called a group associated to S. 
If T (3 D' is also nonempty for a maximal subgroup D' of Mn(K), then 
the subgroups gp(S f~ D),gp(S ¢q D') of D, D', respectively, are conju- 
gate in Mn(K) [6]. Moreover, eTe c gp(S ¢q D) U Sj_ 1 if e = e 2 ~ D and 
rank e = j. 
If a ~ S, then a lies in a uniform component T of S if there exist 
x, y ~ S such that rank(xay) = rank a and xay lies in a maximal subgroup of 
Mn(K) (that is, rank(xay) = rank[( xay )2 ]). Moreover, if b ~ S is of the 
same rank and it is contained in a uniform component of S, then b ~ T if 
and only if there exist u,w ~ S such that u~9~a, w~a~b, u .~b,  wSaa, or 
equivalently if rank(bvazb) = rank a for some v, z ~ S. In particular, the 
uniform components of S are easily described in terms of the ranks of 
matrices. 
The following lemma is crucial for applications of the structure theorem 
in the context of reducibility and triangularizability of semigroups of matrices. 
LEMMA 1. Assume that S cc_ M,( K ) is in a block upper triangular form 
such that the nonzero diagonal blocks are irreducible. Let z 1 . . . . .  z r be the 
diagonal idempotents that are the identities of the diagonal blocks and 
Z = Er=lziMn(K)zi, R = ~,i<jziM,(K)zj.  If ~b : R ~ Z~ = e~Ze~ is the 
natural projection on an irreducible diagonal block, then 
1. there exists a uniform component T of S such that ~b(T) t_J {0} is an 
ideal of dp(S) and it intersects the same ~-classes of M, (K)  as a uniform 
component V of ~b(S); 
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2. if D is a maximal subgroup of Mn(K) intersecting dp(T) and e = 
e 2 ~ D, then gp(~b(T) O D) = gp(V n D) and ¢b(T) n D is irreducible as a 
subsemigroup of eMn( K )e =- Mrank e(K); 
3. there exists a maximal subgroup D' of M,( K ) such that dp(T n D') c 
D and gp(qb(T n D')) = gp(qb(T) n D). 
Proof. Suppose that the image in Z i of every uniform component of S is 
zero. Then (h(S) is a nil semigroup, so it must be nilpotent, which contradicts 
its irreducibility. Hence we can choose a uniform component T of S 
consisting of matrices of minimal possible rank j such that ~b(T) # 0. Then 
~b(Si_ 1) = 0 because the choice of T implies that ck(Sj_ 1) is a nil ideal of 
~b(S-). We know that S(j)  = U 1 U ... U Uq U N where U~ are uniform com- 
ponents of S and N is the "'nilradical" of S(j). Say T = U 1. Clearly 
~b(N) = 0. It follows that ~b(T) U {0} = ~b(Sj) is an ideal of ~b(S). Conse- 
quently, it is irreducible (as a subsemigroup of Zi). Since ~b preserves the 
relations ~9~ and S a, ~b(T) intersects all nonzero X-classes of a completely 
0-simple subsemigroup of the corresponding Rees factor Rk/Rk_ 1 c_ 
M JMk-1  [k = the rank of matrices in ~b(T)]. Hence, the structure theorem 
applied to (h(S) easily implies that ~b(T) is contained in a uniform compo- 
nent V of ~b(S). Since th(T) U {0} is an ideal of V U {0}, Vdp(T)V c_ dp(T) U 
{0}. But Vdp(T)V meets all ~-classes of M,(K) that intersect V [by property 
(4) applied to V ]. This proves part 1. 
Since th(T) n D is an ideal in V n D, it is easy to see that gp(th(T) n D) 
= gp(V n D). [In fact, gh ~ gp(qb(T) n D) for g ~ V n D, h ~ ~b(T) n D 
implies that g ~ gp(~b(T)n D), so that the nontrivial inclusion follows.] 
Suppose now that W c eK" is a proper th(T) O D-invariant subspace. Then 
we also have gp((h(T) n D)W c W. Since we know that eq~(T)e c eVe c 
gp(V n D) u {0}, thisAmplies that edp(T)W = edp(T)eW c_ gp( dp(T) O D)W 
E W c eK". Therefore ¢b(T)W is a proper th(T)-invariant subspace of K". 
This contradicts he irreducibility of ~b(T) and completes the proof of part 2. 
If a~T is such that ~b(a)~D, then th(a 2 )~D.  Hence ranka= 
rank a z because q~(Sj_ x) = 0 .  Therefore a ~ D' for a maximal subgroup 
D' of M,(K).  Clearly th(R n D') c_D. Since (TA  D' )T (TA  D') c_ 
(T o D') u Sj_ 1, it follows that 
~b(T n D')[~b(T) n D]~b(T n D') c ~b((T n D' )T (T  n D'))  n D 
_c ¢(T n D'). 
Hence ~b(T) n D ___ gp(th(T n D')). On the other hand, it is clear that we 
also have ~b(T n D') _ ~b(T) n D. Therefore part 3 follows. • 
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Recall that every maximal subgroup D of M,(K)  consists of units of the 
monoid eM,(K)e for some e = e z ~ M,(K), so it can be identified with 
GLt(K) , where t = rank e. Since every idempotent of M,(K) is conjugate to 
a diagonal idempotent, riangularizability of gp(S ¢3 D) in M,(K) is equiva- 
lent to its triangularizability n GLt(K). 
If T is a uniform component of S, then let E T denote the set of all 
idempotents hat are the identities of maximal subgroups of M,(K)  intersect- 
ing T. In other words, e = e 2 ~ M,(K)  is an element of E T if and only if 
there exists t ~ T such that t = ere and rank t = rank e. Let (E  r) denote 
the semigroup generated by E r. 
S c__ M,(K)  is called unipotent if the eigenvalues of every s ~ S lie in the 
set {0, 1}. Some sufficient conditions for the triangularizability of unipotent 
semigroups were obtained in [3, 9]. These results will be improved in 
Corollary 2. We are now ready for our main result. 
THEOREM 1. The following conditions are equivalent for a semigroup 
S _ M,(K): 
1. S is triangularizable; 
2. every uniform component T of S is a subsemigroup of S, every ( E T } 
is unipotent, and every nonempty intersection S ¢3 D with a maximal sub- 
group D of M,( K ) is triangularizable; 
3. for every uniform component T of S, (E r } is unipotent; for every 
a,b ~ S, if ranka = rankb--- rankab--- rank[(ab)~], then ranka 2 = 
rank a; and the groups associated to S are triangularizable. 
Proof. Conjugating in Mn(K), we can assume that S is in the block 
upper triangular form of l_emma 1. Let tp : R ~ Z be the natural projection. 
Assume first that part 1 holds, and let a, b ~ S be such that rank a = 
rank b = rank ab = rank[(ab)~]. Then a, b, ab must lie in a uniform compo- 
nent of S. Therefore, from [7] (the remark following Theorem 1), we know 
that q~(a), q~(b), ~0(ab) have rank equal to the rank of a. The hypothesis 
implies that S is upper triangular. Hence we also have rank ~p(a 9) = 
rank ~(ab). Therefore rank a ~ t> rank q~(a 2) = rank th(ab) = rank a, which 
implies that rank a 2= rank a. Since every nonempty intersection S t3 D 
with a maximal subgroup D of M,(K) is upper triangular, so is the group 
gp(S f3 D). (E T) is unipotent because E r is a triangular set of unipotent 
matrices. This proves part 3. 
Assume that part 3 holds, Every uniform componentT of S intersects all 
nonzero ,W-classes of a completely 0-simple semigroup T c Mj/Mj_I, j >1 1. 
We know that T is of the form T ---.A'(G, X, Y, P). Let a ~ T. Since aT 
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contains a nonzero idempotent e ~ T, there exists b ~ T such that ab,Zle. 
Hence rank ab = rank[(ab)Z], and dearly rank a = rank ab = rank b. The 
assumption implies that a 2 ~ T. This shows that all entries of the sandwich 
matrix P are nonzero. Consequently, T is a subsemigroup of S. Therefore 
part 2 is a consequence of part 3. 
Finally, assume that part 2 holds. Let th be the projection onto a diagonal 
block Z i --- Mr(K) such that ~b(S) is irreducible as a subsemigroup of Z~. We 
aim to show that r = 1. By Lemma 1 there exists a uniform component T of 
S such that ~b(T) U {0} is an ideal of th(S) that intersects the same ,,~'-dasses 
of Mn(K) as a uniform component V of ~b(S). Moreover, by the hypothesis 
~b(T) is a subsemigroup of ~b(S). Since qb(T) U {0} is an ideal of th(S), ~b(T) 
is irreducible in Z i. Let D, D', e be chosen as in Lemma 1. Then gp(~b(T) N 
D) = gp(tb(T A D')) is an irreducible subgroup of the corresponding matrix 
ring eM,(K)e. Since T t~ D' is triangularizable, qb(T tq D') is triangulariz- 
able and consequently gp(~b(T N D')) is triangularizable. Therefore we must 
have rank e = 1. This implies that ~b(T) _ M 1. Hence ~b(T) U {0} meets the 
same X-classes of Mn(K) as a completely 0-simple semigroup T'--- 
~r(G, X, Y, P), where G is a subgroup of the multiplicative group K* of the 
field K. But T is a subsemigroup of S, so it is contained in a union of 
maximal subgroups of Mn(K), and Er, T must meet the same X-classes of 
Mn(K). Hence th(Er) meets all X-classes of Mn(K) that are intersected by 
th(T) [in particular ~b(T) is contained in a union of maximal subgroups of 
Mn(K) consisting of matrices of rank 1]. Also, since th((Er)) is unipotent by 
part 2, it must consist of idempotents. This means that ~b((Er)) = ~b(E r) is 
a completely simple (cf. [1]) subsemigroup of T' over the trivial subgroup of 
G. Hence, if a,b ~ dp(E r) are in the same ~-class of M,(K), then 
as = s = bs for every s ~ ~b(Er). This implies that at = bt for every t 
~b(T). Therefore (a -  b)d?(T)= 0, so a -  b lies in the radical of the 
subalgebra spanned by ~b(T). But th(T) is irreducible. It follows that a = b, 
and hence IYI -- 1. Similarly, one shows that IXl -- 1. Therefore <h(E r) is a 
singleton, and consequently r = 1. This shows that part 1 holds, completing 
the proof of the theorem. • 
Several necessary and sufficient conditions for triangularizability of a 
group of matrices were given in [4]. We note that, in conditions 2, 3 of 
Theorem 1, the assumption that all semigroups (E r )  are unipotent can be 
replaced by the assumption that they are triangularizable (dearly, triangular- 
izability of the sets E r is sufficient). This is an easy consequence of the proof. 
Therefore, the theorem can be viewed as a reduction of the triangularizability 
problem to certain subsemigroups of S which usually are much smaller than 
S. Our reduction philosophy may he also rephrased as follows. 
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COaOLLhRY 1. A semigroup S c M,( K ) is tr iangulari~le if and only i f  
all its uniform components are triangularizable, or equivalently, each of the 
nonempty sets Sj \ Sj_ 1, J = 1 . . . . .  n, is triangularizable. 
Proof. If T c_ Sj \ Sj_ 1 is a uniform component of S, then the semi- 
group (T)  generated by T is contained in T (J Sj 1. Therefore, T is its 
uniform component. If every T is triangularizable, then so is (T), and 
Theorem 1 applied to (T)  implies that condition 2 of this theorem is 
satisfied. The assertion follows. • 
Corollary 1 shows that certain known sufficient conditions, for example 
permutability of the trace in the case of fields of "good" characteristic [10, 
Theorem 1] or conditions found in [2], can be weakened by requiring only 
that they hold for each of the sets Sj \ Sj_ 1. 
The theorem and the corollary remain valid in the more general context 
of subsemigroups of Mn(F), where F is a division ring. [Here, a ~ Mn(F) is 
called unipotent if a - e is nilpotent for the idempotent e ~ M~(F) such 
that a%,~e in M~(F).] This is a consequence ofour proof and of the fact that 
a similar structure theorem holds in this case. (The only difference, not 
essential for the proof, is that the number of uniform components may be 
infinite and the "nilradicals'" N of Sj \ Sj_ 1 are nil modulo Sj_ 1 but do not 
satisfy N(~) _ Sj_ 1 in general. However, if S is triangular, then there are at 
most 2" uniform components and each N is nilpotent modulo the corre- 
sponding Sj_ 1 [11].) 
If S is triangular, then a simple description of the uniform components of
S can be given. Namely, every component T is the collection of matrices in S 
with a fixed location of nonzero diagonal entries and such that rank a = 
rank ~p(a), where ~ is the diagonal projection. This is an easy consequence of
the structure theorem described before Lemma 1. 
COROLLARY 2. Assume that S c M.(K)  is a unipotent semigroup. Then 
S is triangularizable if and only if the uniform components of S are subsemi- 
groups of S. 
Proof. The necessity follows from Theorem 1. Since unipotent groups 
are triangularizable, the sufficiency follows as in the proof of the implication 
2 ~ 1 in Theorem 1 [the proof works also if one assumes that q~(T) is 
unipotent in place of the hypothesis that 4)(( E r))  is unipotent]. • 
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